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Introduction to magic squares

Toying with magic squares is indeed positively recreational and is known to have fascinated
even the greatest of mathematicians.1

A “normal” magic square of order n is an arrangement of n2 different numbers in a n× n
square array such that the sum of the numbers along every row, column, and leading
diagonals is the same.

If the broken (or wrap-around) diagonals (alpaśruti) of the magic square also add up to the
magic sum, then the square is called a pandiagonal magic square.

12 3 6 13

14 5 4 11

7 16 9 2

1 10 15 8

Normal magic
square (S = 34)
(7+5+6+8 ̸= 34)

10 3 13 8

5 16 2 11

4 9 7 14

15 6 12 1

Pandiagonalmagic
square (S = 34)
(4 + 16 + 13 + 1 = 34)
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Magic squares in India: Its purpose & earliest occurrence

In the Indian tradition, it is held that magic squares were first taught by Lord Śiva to
Maṇibhadra. Nārāyaṇa Paṇḍita’s Gaṇitakaumudī notes:

अथ भुवनत्रयगुरुणा उपࣺद࠿मीशेन माऀणभद्राय । (origin of the study)
कौतुࣹकने भूताय श्रढेीसްअۙ सऀڎणतम् ॥
सऀڎणतचमृرतये यࣺۺवदां प्रीतये कुगणकानाम्। (its three-fold purpose)
गवर्ऀक्षैݕ वҝे तُारं भद्रगऀणताҷम्॥

1 In order to embellish the practice of good mathematics
2 For pleasing those who are involved with the [construction of] yantras.
3 For eradicating the arrogance of the impostors.

The earliest literary evidence for the occurrence of magic squares is to be found in the work
ascribed to the famous Buddhist philosopher Nāgārjuna (1st century CE).
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The pandiagonal magic square attributed to Nāgārjuna

In his Kakṣapuṭa-tantra, Nāgārjuna (100 CE) gives rules for the construction of 4 × 4 squares
with even as well as odd sums. These rules are based on an interesting mnemonic expressed
in Kaṭapayādi notation. A particular case of 4 × 4 square with the magic sum 100 is
presented in the verse below:

नीलं चाࣺप दयाचलो नवभुवं खारࣜवरं राࣻगनं
भूपो नािरवगो जरा चरࣺनभं तानं शतं योजयेत् ॥
भूतप्रेतࣺपशाचराक्षसमुखान् सपЄन् खलान् संहरत्
अࣽӈं चौरभयाࣺदनाशनࣻमदं नागाजुर्नं ࣺनࣻमर्तम् ॥

The effect of seeing such a square
described in the latter half of the verse
quite interesting.
This magic square has been called the
Nāgārjunam.

30 16 18 36

10 44 22 24

32 14 20 34

28 26 40 6

Nāgārjuna’s
Bhadram
(S = 100)

This square is formed of four
arithmetic sequences namely:

{6, 10, 14, 18}, {16, 20, 24, 28},
{22, 26, 30, 34}, {32, 36, 40, 44}
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The magic square of Varāhamihira

Varāhamihira’s Bṛhat-saṃhitā (6th century CE), in Chapter 76, verses 23–26, gives the
method of preparing perfumes employing the sarvatobhadra.

भागैः࠿यअ܃त्रइऄࣻڙࣾ अगुरुः पत्रं तुरु࠻यौलेयौ।
ࣺवषयअ࠿पक्षदहनाः ࣺप्रयӶमुࡰारसाः केशः॥
Ѩृाٌक्तगराणांࡵ मांࡺाࠥ कृतएकस݆षड्भागाः।
स݆ऋतवेुदच܃ःै मलयनखश्रीककुۘरुुकाः॥

षोडशके कՃपुटे यथा तथा ࣻमࣿश्रते चतुद्रर्ࠖ ।े
येऽ࠿ादश भागाࡰऽेऌࡹन् गۙादयो योगाः॥
नखतगरतुरु࠻युता जातीकपूर्रमृगकृतोށोधाः ।
गुडनखधूݍा गۙाः कतर्ࠖाः सवर्तोभद्राः॥

2 3 5 8

5 8 2 3

4 1 7 6

7 6 4 1

Varāhamihira’s
sarvatobhadra
(S = 18)
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Sir George A. Grierson on the antiquity of magic squares in India

Sir George Abraham Grierson (1851 – 1941), an Irish administrator in British India, with a keen
interest in linguistics pursued studies in Indian languages and literature during his postings in
Bengal and Bihar since 1873. In a short article titled “American Puzzle”, he notes:2
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Correspondence in Indian Antiquary Vol. 10 - 1881
George A. Grierson, Madhubani, Darbhanga

From 1898, Grierson conducted the Linguistic Survey of India (published 1903–28),
obtaining information on 364 languages and dialects.
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Prescription given in the chapter Jyotiṣtattva of Raghunandana

In his text titled Smṛtitattva, Raghunanada Bhaṭṭācārya gives the following verses which
have been extracted by Grierson:

पօरेखा समु߲ࣽҷ ࣻतयर्गूګर्क्रमेण ࣹह ।
पदाࣺन षोडशापाښ ٌकेमाेښ मुनौ त्रयम् ॥
नवमे स݆ दښाुـ बाणं पօदशे तथा ।
मे࠿ाव࠿तीयेऽڙࣾ षट् ࣺदऀश ौڙ षोडशे श्रुࣻ तः ॥

1 8

3 6

7 2

5 4

⇝

1 8 10 15

12 13 3 6

7 2 16 9

14 11 5 4

Having drawn five lines horizontally and vertically, and thereby creating sixteen cells, in place 1 in the first

of those, 3 in the seventh 3, 7 in the ninth, 5 in the fifteenth, 8 in the second , 6 in the eighth, 2 in the tenth,

and 4 in the sixteenth.

Having explained how to construct the basic framework it is said:

एकाࣺदना समं ज्ञेयࣻमՃाӴाध϶ ࣻत्रकोणके ।
तदा ाࣻत्रशंदाࣺदःڙ ात्ࡺ चतु࠻ोेࡀषु सवर्तः ॥ (सवर्तः – any which way you choose!)
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Effects of possessing/having sight of magic squares

दशर्नाڔारणात् तासां शुभं ात्ࡺ एषु कमर्सु । ाࣻत्रशंत्ڙ प्रसवे नायЄःचतुःࢇशंڎमे नृणाम् ।
भूताࣺवे࠿षु पօाशत् मृतापيासु वै शतम् । ुࡰास݆ࣻतڙ व܆ायां चतुःष࠿ी रणाࣺڔन ।
ࣺवषे ࣺवंशो धा۠कࣞटे࠿ࡋाࣺवंशࣻतरेव च । चतुर࠿ौ च बालानां रोदने पिरकࣞࣻतर्ता ॥

Magic sum Effect of seeing such magic squares
32 Useful to a woman in childbirth
34 Used when setting out on a journey
50 Used for casting out devils
100 Used for women whose children have died
72 Used for a barren woman
64 Used in the tumult of battle
20 Used in cases of poisoning
28 Used when paddy is attacked by insects
84 Used for hushing children when they are crying
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Manuscript of Gaṇitakaumudī

The focus of this talk is to present the algorithm for constructing pandiagonal magic squares
of order 4 by Turagagati method as propounded by Nārāyaṇa Paṇḍita in his Gaṇitakaumudī.

In recent times, Henry Thomas Colebrooke, identified the presence of this text (Library of
the India Office).

The very first edition of the full text of Gaṇitakaumudī was by Pandit Padmākara Dvivedi,
brought out as a two part publication in the years 1936 and 1942.

Kusuba (1993) has also brought out the edited and transliterated version of the last two
chapters. He also correctly constructed the 24 possible configurations of magic squares that
Nārāyaṇa himself has alluded in the text, which seems to have errors in the edition of
Dvivedi.

Paramanand Singh has brought out the translation of the various chapters Gaṇitakaumudī
as a series of publications since 1998.

This work needs a thoroughly revised edition, as the current one is not satisfactory.
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Earlier related studies

Lehmer (1933) surveyed 4 x 4 squares and concluded that there are 539,136 semi magic
squares, 7,040 normal magic squares and only 48 pandiagonal magic squares are possible.

Later, Rosser and Walker (1938) have corrected this result and have mathematically arrived
at the conclusion that there are 384 pandiagonal squares (as stated by Nārāyaṇa Paṇḍita).

Vijayaraghavan (1942) in his paper on Jaina Magic Squares deals with 4 x 4 pandiagonal
magic squares, provides a mathematical analysis, brings out various properties.

The article of Datta and Singh revised by K.S Shukla (1992), as well as the writings of R.C.
Gupta (2005) have presented this method briefly.

Bhowmik (2018) has worked on the proofs demonstrating certain properties.

In all these works, the exact algorithm prescribed by Nārāyaṇa Paṇḍita for constructing
magic squares with Turagagati has not been satisfactorily described and analysed in detail.
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Brief summary of the contents in Gaṇitakaumudī

Number Chapter Title Mathematical topics covered

1 Prakır̄ṇaka-vyavahāra Logistics, weights and measures

2 Miśraka-vyavahāra Partnership, sales, interest, etc.

3 Śreḍhı-̄vyavahāra Sequences and series

4 Kṣetra-vyavahāra Geometry of planar figures

5 Khāta-vyavahāra Excavations

6 Citi-vyavahāra Stacks

7 Rāśi-vyavahāra Mounds of grain

8 Chāyā-vyavahāra Shadow problems

9 Kuṭṭaka Linear indeterminate equations

10 Vargaprakṛti Quadratic indeterminate equations

11 Bhāgādāna Factorisation

12 Rūpādyamśāvatāra Partitioning unity into unit-fractions

13 Aṅkapāśa Combinatorics

14 Bhadragaṇita Magic squares

K. Ramasubramanian Nārāyaṇa Paṇḍita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Gaṇitakaumudī’s date of composition

The date of composition of Gaṇitakaumudī has been given by Nārāyaṇa Paṇḍita himself in
the following verse that appears towards the end of the text.

गजनगरࣺवࣻमतशाके दुमुर्खवषϺ च बाहुले माऀस ।
धातृࣻतथौ कृࡁदले गुरौ समाࣺ݆ं गतं गऀणतम् ॥

The Gaṇita (Gaṇitakaumudī ) came to completion on Thursday, 2nd Tithi of
the Kṛṣṇa Pakṣa (waning cycle of Moon), of the month Kārtika in Durmukha
Saṃvatsarā, in Śaka 1278 (gaja - 8; naga - 7; ravi - 12).

Thus we unambiguously know that the work Gaṇitakaumudī got completed in the year
1356 CE (1278 Śaka year). It is interesting to note that Nārāyaṇa Paṇḍita has specified the
tithi count in terms of the devatā of the tithi. Based on the list available from other works,
we know that dhātṛtithi corresponds to dvitīyā.
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Nārāyaṇa Paṇḍita’s ode to his father

Unfortunately, not much is known about the Nārāyaṇa Paṇḍita’s date of birth, whereabouts
and other biographical details. One verse in sragdharā meter that has been dedicated to
capture the glory of his father is as follows:

आसीत् सौज۠दुӇांबुࣾधरवࣺनसुरश्रेऀ णमुҷो जगيां
प्रҷः श्रीकؒपादڙयࣺनࣹहतमनाः शारदाया ࣺनवासः ।
श्रौतࡹातЄथर्वेـा सकलगुणࣺनࣾधः ऀशࣺ߫वښाप्रग߮:
शाेࢇ शेࢇ च तकϺ प्रचुरतरगࣻत: श्रीनृऀसंहो नृऀसंहः ॥

He was the milky ocean of nobility (saujanya), the foremost in the assembly of brah-
maṇas (avanisura) whose fame has spread over the world; [He was] one whose mind
was steadfast (nihita) at the feet of Lord Śiva; one who was the dwelling place of Devī
Sarasvatī; one who had mastered the [performances of] śrauta and smarta [karmas];
one who was a reservoir of all virtues; one who was outstanding in the field of archi-
tecture/geometry; one who had great felicity (pracurataragati) in śāstrās, rituals and
logic; [my father] by name Śri Nṛsiṃha was indeed a nṛsiṃha (lion among men).

K. Ramasubramanian Nārāyaṇa Paṇḍita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Nārāyaṇa Paṇḍita’s classification of magic squares

One of the notable features of Nārāyaṇa Paṇḍita is that he methodically introduces all topics
that he discusses.

For instance, after setting out the historical background and context, he commences this
chapter by broadly classifying three types of magic squares.

समगभर्ࣺवषमगभϺ ࣺवषमօेࣻत ࣻत्रधा भवेद् भद्रम्।…
भद्राӴे चतुरा݆े ࣺनरग्रके तڗवेՂ समगभर्म्।
ग्रेڴ तु ࣺवषमगभ϶ ٟकेाग्रे केवलं ࣺवषमम्॥

Samagarbha, viṣamagarbha and viṣama are the three forms of magic
square. When the order of the magic square is divided by 4, if the remainder
is zero, then it is samagarbha; if remainder is two, then it is viṣamagarbha;
and if remainder is three or one, then it is viṣama.
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Nārāyaṇa Paṇḍita’s turagagati
method for constructing 4 x 4
pandiagonal magic squares
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Verses on constructing of 4x4 magic square by turagagati

चतुरӶतुरगगيा ौڙ ौڙ श्रढेीसमुڗवावӴौ ।

क्रमोٓमेणࡺ۠ च कोैࡀѺ-एकाۖरेण च तौ ॥१०॥

सࠖासࠖतुरӶमरࣜيा कोࡀान् प्रपूरयेदӴैः ।

समगभϺ षोडशगृहभद्रे प्रोѱो ࣺवࣾधࠥायम् ॥ ११ ॥

ࣻतयर्Ѩोࡀगतानां ऊۂर्ࡱानाօ कणर्गानाօ ।

अӴानां संयोगः पृथࣻԃतो जायते तु߰ः ॥ १२ ॥

ौڙ ौڙ श्रढेीसमुڗवौ
अӴौ (ࣿचٌा)

Having chosen
pairs of numbers
generated in
an arithmetic
sequence (śreḍhi)

क्रमोٓमेण in sequence and
out of sequence

तौ ࡺ۠ and placing those
pairs

चतुरӶतुरगगيा by making horse
moves
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Verses on constructing of 4x4 magic square by turagagati

चतुरӶतुरगगيा ौڙ ौڙ श्रढेीसमुڗवावӴौ ।

क्रमोٓमेणࡺ۠ च कोैࡀѺ-एकाۖरेण च तौ ॥१०॥

सࠖासࠖतुरӶमरࣜيा कोࡀान् प्रपूरयेदӴैः ।

समगभϺ षोडशगृहभद्रे प्रोѱो ࣺवࣾधࠥायम् ॥ ११ ॥

ࣻतयर्Ѩोࡀगतानां ऊۂर्ࡱानाօ कणर्गानाօ ।

अӴानां संयोगः पृथࣻԃतो जायते तु߰ः ॥ १२ ॥

कोैࡀѺ [such that the rela-
tive positions of the
numbers placed by
horse moves from
any given cell] are
positioned in ad-
jacent cells [along
diagonals]

एकाۖरेण च or at an interval of
one cell [either along
a row, or column]

सࠖासࠖतुरӶम-
रࣜيा

and by making use of
themotion of horse to
the left and right
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Verses on constructing of 4x4 magic square by turagagati

चतुरӶतुरगगيा ौڙ ौڙ श्रढेीसमुڗवावӴौ ।

क्रमोٓमेणࡺ۠ च कोैࡀѺ-एकाۖरेण च तौ ॥१०॥

सࠖासࠖतुरӶमरࣜيा कोࡀान् प्रपूरयेदӴैः ।

समगभϺ षोडशगृहभद्रे प्रोѱो ࣺवࣾधࠥायम् ॥ ११ ॥

ࣻतयर्Ѩोࡀगतानां ऊۂर्ࡱानाօ कणर्गानाօ ।

अӴानां संयोगः पृथࣻԃतो जायते तु߰ः ॥ १२ ॥

समगभϺ
षोडशगृहभद्रे

in a magic square with
16 cells and of the type
4n

कोࡀान्
प्रपूरयेदӴैः

may you fill [all] the
cells with the numbers
[of the chosen arith-
metic sequence]

अयम् ࣺवࣾधः
प्रोѱः

this is the method that
has been stated [by
earlier mathemati-
cians/himself?]
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Verses on constructing of 4x4 magic square by turagagati

चतुरӶतुरगगيा ौڙ ौڙ श्रढेीसमुڗवावӴौ ।

क्रमोٓमेणࡺ۠ च कोैࡀѺ-एकाۖरेण च तौ ॥१०॥

सࠖासࠖतुरӶमरࣜيा कोࡀान् प्रपूरयेदӴैः ।

समगभϺ षोडशगृहभद्रे प्रोѱो ࣺवࣾधࠥायम् ॥ ११ ॥

ࣻतयर्Ѩोࡀगतानां ऊۂर्ࡱानाօ कणर्गानाօ ।

अӴानां संयोगः पृथࣻԃतो जायते तु߰ः ॥ १२ ॥

ࣻतयर्Ѩोࡀगतानां
अӴानां संयोगः

[thereby] the sum
of the numbers
along the rows
(tiryakkoṣṭha)

ऊۂर्ࡱानाօ and of those along the
column

कणर्गानाօ and of those along
the diagonals [includ-
ing broken diagonals]

पृथࣻԃतो जायते
तु߰ः

when counted sepa-
rately will be equal
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Nārāyaṇa Paṇḍita’s brief commentary

After presenting the algorithm in the verses above, Nārāyaṇa Paṇḍita also tabulates 24
different half-filled configurations of the pandiagonal magic squares for a fixed position of 1
in the top-left corner. The table is accompanied with the following brief explanation in
prose.

प्रथमयमलाӴयुगलम् १।२।३।४ तीयम्ڙࣾ ५।६।७।८ तृतीयम् ९।१०।११।१२ चतुथर्म्
१३|१४।१५।१६। प्रथमकोणलӈैः प्रथमयमलयुगाӴैः जाताࠥतुࣺवर्शࣻतभेदाः। तेषां दशर्नम्।
एवम۠यैर्मलयुगाӴैः पृथक् पृथक् चतुࣺव϶शࣻतभेदा भवअۖ ।

Then it is stated by Nārāyaṇa Paṇḍita —

एवं चतुभर्द्रࡺ चतुࣾभर्ः यमलैः चतुरशीࣾيधक-शत्रयभेदा भवअۖ।।

Thus with just four pairs of numbers (caturbiḥ yamalaiḥ), there are 384 vari-
ants of a 4x4 [pandiagonal] magic square.
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Notations and sets considered

We consider the following, in order to describe the algorithm.

Let M be a pandiagonal magic square with 16 cells (koṣṭhas) where the cells are denoted by :

Mij (i, j = 1, 2, 3, 4)

Let S be the arithmetic sequence (śreḍhi) with which the cells of M are to be filled. The
sequence S we choose for demonstration is:

S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16}

Subsets have to be conceived from this set of numbers as described by Nārāyaṇa Paṇḍita
himself in his commentary as yamalāṅkayugalam, meaning pair of pairs. They are:

S1 = {1, 2, 3, 4}, S2 = {5, 6, 7, 8}, S3 = {9, 10, 11, 12}, S4 = {13, 14, 15, 16}

The horse moves that will be considered for obtaining the magic squares, are represented:

H1 = {(1, 2), (1, 3), (3, 4)}, H2 = {(5, 6), (5, 7), (7, 8)},

H3 = {(9, 10), (9, 11), (11, 12)}, H4 = {(13, 14), (13, 15), (15, 16)}
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Notations and sets considered

In a 4 x 4 magic square, from any given cell, there are only four types of horse moves that are
possible. They are represented by U, D, L and R and illustrated below:

q
p

Ūrdhva (up) - move U :
(Mi,j→Mi−1,j+2)

p
q

Adhaḥ (down) - move D:
(Mi,j→Mi+1,j+2)

p

q

Savya (left) - move L :
(Mi,j→Mi+2,j−1)

p

q

Asavya (right) - move R:
(Mi,j→Mi+2,j+1)

p

q

p
q

p

q

p

q
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Significance of the phrases koṣṭhaikya and koṣṭhāntara

The term koṣṭhā employed in the context of magic squares
represents a cell. Thus the two terms as such mean the
following:

a. Koṣṭhaikya - placement of numbers in adjacent cells
b. Koṣṭhāntara - placement by skipping a cell in-between

The significance of these terms is to capture the relative
position of all the numbers, that are positioned by the four
possible horse moves from a given cell.

That is, the numbers positioned by horse moves from a given
cell get placed in such a way that they will be either in
koṣṭhaikya or koṣṭhāntara.

●

●

● ●

●
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Significance of the phrase kramotkrama

Kramotkrama is a qualifier that can either be attributed to the horse moves (turagagati) or to
the choice of the numbers paired for making the horse move. In the algorithm that we
describe below we kramotkrama is a qualifier to the way the pairs are chosen.

Literally, the phrase kramotkrama means along an order (krama) or along a different order
(utkrama). As presented earlier, the arithmetic series is structured as pair of pairs termed
yamalāṅkayugala by Nārāyaṇa Paṇḍita.

The pairs of numbers chosen within these sets are in sequence and out of sequence. For
instance in S1, the horse moves listed earlier are (1,2) in krama and then (1,3) in utkrama.
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Rule-based algorithm with only horse moves

Rules for placing pairs in S1
R.1 The first element 1 of prathamayamalāṅkayugalam S1, is

to be placed in any of the sixteen cells.

1
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Rule-based algorithm with only horse moves

Rules for placing pairs in S1
R.1 The first element 1 of prathamayamalāṅkayugalam S1, is

to be placed in any of the sixteen cells.

R.2 For a fixed position of 1, 2 can be placed by any one of the
four valid horse moves — D / U / L / R, described earlier.

1

2
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Rule-based algorithm with only horse moves

Rules for placing pairs in S1
R.1 The first element 1 of prathamayamalāṅkayugalam S1, is

to be placed in any of the sixteen cells.

R.2 For a fixed position of 1, 2 can be placed by any one of the
four valid horse moves — D / U / L / R, described earlier.

R.3 Having placed 1 and 2, 3 is also to be placed in a horse
move with respect to 1 through any one of the three
possible horse moves.

1

2

3
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Rule-based algorithm with only horse moves

Rules for placing pairs in S1
R.1 The first element 1 of prathamayamalāṅkayugalam S1, is

to be placed in any of the sixteen cells.

R.2 For a fixed position of 1, 2 can be placed by any one of the
four valid horse moves — D / U / L / R, described earlier.

R.3 Having placed 1 and 2, 3 is also to be placed in a horse
move with respect to 1 through any one of the three
possible horse moves.

R.4 Having placed 1, 2 and 3, 4 is placed such that it is in a
horse move from both 2 and 3. There is only one such
position for any given placement of 1, 2 and 3.

1

2

4

3
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Rules for placing pairs in S2, S3 and S4

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

1

2

4 5

3
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Rules for placing pairs in S2, S3 and S4

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalāṅkayugalams of S2, S3 and S4 get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalāṅkayugalam S1, with the only condition that if a cell
is already filled then the horse moves get reversed.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1

2

4 5

3 6
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Rules for placing pairs in S2, S3 and S4

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalāṅkayugalams of S2, S3 and S4 get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalāṅkayugalam S1, with the only condition that if a cell
is already filled then the horse moves get reversed.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1

2 7

4 5

3 6
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Rules for placing pairs in S2, S3 and S4

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalāṅkayugalams of S2, S3 and S4 get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalāṅkayugalam S1, with the only condition that if a cell
is already filled then the horse moves get reversed.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8

2 7

4 5

3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

1 8

2 7

4 5 9

3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8

2 7

4 5 9

10 3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8

11 2 7

4 5 9

10 3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8 12

11 2 7

4 5 9

10 3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S1, S2 and S3, 13 is placed in the only horse
move position that is available from 9.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8 13 12

11 2 7

4 5 9

10 3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S1, S2 and S3, 13 is placed in the only horse
move position that is available from 9.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8 13 12

14 11 2 7

4 5 9

10 3 6
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Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S1, S2 and S3, 13 is placed in the only
horse move position that is available from 9.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8 13 12

14 11 2 7

4 5 9

15 10 3 6

K. Ramasubramanian Nārāyaṇa Paṇḍita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Rules for placing pairs in S2, S3 and S4

R.7 Having placed elements in S1 and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S1, S2 and S3, 13 is placed in the only
horse move position that is available from 9.

Equivalent pairs horse moves
H1 H2 H3 H4

(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)

1 8 13 12

14 11 2 7

4 5 16 9

15 10 3 6
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Analysis

Based on the aforesaid rules, it can be observed that:

Having fixed a position for 1, there are four possible moves for placing 2. Thus the pair (1,2)
can have four different configurations.

For a fixed position of 1, there are three possible moves for placing 3.

It becomes evident that there will remain only one position for placing 4 in accordance to
the rules R4.

Thus at this stage we see that there are totally 4× 3 = 12 possible configurations.

For a given arrangement of 1,2,3 and 4, only two possible positions are available for 5
satisfying the aforesaid rule R.5. Thus at this stage we see that there are totally 12× 2 = 24
possible configurations.

Once the numbers 1, 2, 3, 4, and 5 are fixed, the rest of the square has only a unique solution
for being a pan diagonal magic square.
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Analysis
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Properties of Nārāyaṇa Paṇḍita’s pandiagonal magic squares of order 4

A study of the pandiagonal magic squares of order four, reveals that there are a few interesting
properties observed in them.

P1: The sum of elements in any 2 x 2 square across the torus of a pandiagonal magic square of
order four yields the magic sum.

P2: The sum of elements in any two cells that are separated by one cell in between them
(koṣṭhāntara) along the diagonal on a pandiagonal magic square of order four yields the half
magic sum.

P3: For any given number of the arithmetic series that is chosen to fill the cells, the set of four
numbers in the adjacent cells (koṣṭhaikya) along the row and column remain the same.

These properties are very useful to complete incomplete pandiagonal magic squares of order four
as well as build them, in addition to the aforementioned algorithm.
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Proof for P1
In any magic square the sum of the elements in rows and columns add up to the magic
sum. Considering the sum of the first two rows and last two columns we have,

m11 +m12 +m13 +m14 +m21 +m22 +m23 +m24 = 2S (1)

m13 +m23 +m33 +m43 +m14 +m24 +m34 +m44 = 2S (2)

Equating (1) and (2) we get,

m11 +m12 +m21 +m22 = m33 +m34 +m43 +m44 (3)

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

In a magic square, since the cyclic permutation of the rows and columns does not affect the magic sum S, (3)
implies that the sum of the elements of any two 2× 2 squares are equal. The leading and broken diagonal
elements must independently add up to the magic sum. Thus we have

m11 +m22 +m33 +m44 = S (4)

m21 +m12 +m43 +m34 = S (5)

Adding (4) and (5) we get
(m11 +m12 +m21 +m22) + (m33 +m34 +m43 +m44) = 2S (6)

From (1) and (3) it is evident that

m11 +m12 +m21 +m22 = S = m33 +m34 +m43 +m44 (7)
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Proof for P2
From P1 we know that

m11 +m12 +m21 +m22 = S (8)

m21 +m22 +m31 +m32 = S (9)

Equating (8) and (9) we get,

m11 +m12 = m31 +m32 (10)

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

Now consider the sum of elements in the third row of the square M. We have,

m31 +m32 +m33 +m34 = S (11)

Using (10) and (11) we get,
m11 +m12 +m33 +m34 = S (12)

By definition, any broken diagonal of M must add up to the magic sum S. So we have,

m21 +m12 +m43 +m34 = S (13)

Equating (12) and (13) we get,
m11 +m33 = m21 +m43 (14)
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Proof for P2

We have,
m11 +m33 = m21 +m43

Considering the sum of elements of the third column in M, we have:

m13 +m23 +m33 +m43 = S (15)

Akin to (10), it can be easily shown that

m11 +m21 = m31 +m32 (16)

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

Using (16) in (15) we get,
m11 +m21 +m33 +m43 = S (17)

From (14) and (17) it is evident that

m11 +m33 = S/2 = m21 +m43 = S/2 (18)

The property P2 is thus proved.
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Set of numbers that get placed by horse moves

It has been stated by Vijayaraghavan (1941) that in a pandiagonal magic square of order 4, for any
given number from the series of sixteen elements, the set of four other numbers that get placed
by the four horse move positions are always fixed in all the 384 configurations. These four
numbers, of course, can be arranged in 4! = 24 ways.

These four numbers that get placed by the only four horse move positions from any number are:

i the number that is in koṣṭhaikya within the pair (yugala),

ii the number that is in koṣṭhāntara within the pair of pairs (yamalāṅkayugalam),

iii the number that lies in the equivalent position with the adjacent pair of pairs
(yamalāṅkayugalam) and

iv the number that lies in the equivalent position in the conjugate pair of pairs
(yamalāṅkayugalam).
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Set of numbers that get placed by horse moves
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Set of numbers that get placed by horse moves
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All squares with a fixed position for the first element
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Concluding remarks

In this study, we have set the context and highlighted the motivation for studying the
turagagati method of constructing 4 x 4 pandiagonal magic squares as elucidated by
Nārāyaṇa Paṇḍita.

The verses that present this method in Gaṇitakaumudī allow scope for more than one
interpretation.

The algorithm can be derived either by placing the pairs from a sequence only through
horse moves or by considering moves in addition to horse moves.

Of foremost importance to Indian mathematicians is simplicity and optimised set of rules. It
is clear that the algorithm that employs only the horse moves by taking pairs in order and
by jumping the order, within the pair, within pair of pairs and across pair of pairs, seems to
be the more elegant.

A very interesting facet of this algorithm is that the pandiagonal squares can be generated
by choosing a single arithmetic sequence with sixteen elements or with four arithmetic
sequences consisting a pair of pairs, with the constraint that the first elements of the pair of
pairs satisfy – a1 + d1 = b1 + c1 .
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The thrill in investigating historical material
An interesting observation by Donald Knuth – the author of The Art of Computing

My major failing as a teacher was that I wasn’t able to get a single one of my 28 PhD students to
realize what a thrill it is to work on source material!

K. Ramasubramanian Nārāyaṇa Paṇḍita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Concluding Remarks

In 1969 Sir C V Raman observes:

We have, I think, developed an inferiority complex. I think what is needed
in India today is the destruction of that defeatist spirit. We need a spirit of
victory, a spirit that will carry us to our rightful place under the sun; a spirit
which will recognise that we, as inheritors of a proud civilisation, are entitled
to our rightful place on the planet. If that indomitable spirit were to arise,a

nothing can hold us back from achieving our rightful destiny.

aThe Upanisadic passage – उࣾࡀـत जाग्रत प्राݍ वराࣼۚबोधत – essentially does this.

Raman brings out an extremely important point here. The inferiority complex, residing in
us as a parasite, without our knowledge, has been inhibiting us for centuries!

One way (if not the only way) to get rid of this problem is to make the citizens of our nation
to shed way the cultivated ignorance by making them aware of their own scientific heritage.

Then as Raman says, nothing can hold us back!
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Thanks!

Thank You !
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