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Introduction to magic squares

o Toying with magic squares is indeed positively recreational and is known to have fascinated
even the greatest of mathematicians.’

@ A “normal” magic square of order n is an arrangement of n? different numbers inan x n
square array such that the sum of the numbers along every row, column, and
diagonals is the same.

o If the broken (or wrap-around) diagonals (alpasruti) of the magic square also add up to the

magic sum, then the square is called a pandiagonal magic square.

1213 |6 |13
1415 | 4|11
7 116 9| 2
1110 15] 8

Normal magic

square (S = 34)

(T+5+6+8 # 34)

103 |13 | 8
5 16 2 |11
419|714
1506 |12 | 1

Pandiagonal magic
square (S = 34)
(4416 + 13+ 1 = 34)
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Magic squares in India: Its purpose & earliest occurrence

@ In the Indian tradition, it is held that magic squares were first taught by Lord Siva to
Manibhadra. Narayana Pandita’s Ganitakaumudi notes:

Y EATIHON SUTCEHIZ AMOTHEE | (origin of the study)
PR AT e I

g ad grdar fiad oreEM | (its three-fold purpose)
T T8 AR STeITOTdAR |

@ In order to embellish the practice of good mathematics
@ For pleasing those who are involved with the [construction of]
© For eradicating the arrogance of the impostors.

o The earliest literary evidence for the occurrence of magic squares is to be found in the work
ascribed to the famous Buddhist philosopher Nagarjuna (1st century CE).
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The pandiagonal magic square attributed to Nagarjuna

@ In his Kaksaputa-tantra, Nagarjuna (100 CE) gives rules for the construction of 4 x 4 squares
with even as well as odd sums. These rules are based on an interesting mnemonic expressed
in Katapayadi notation. A particular case of 4 x 4 square with the magic sum 100 is

presented in the verse below:

1o =1 T Aad @RIER A0
AT TAIRET SRT =R a1 I
ANATIITERTETEN T4 GAM Hexd

AR SRvETTeATEAEE ArTSlA MR 1l

o The effect of seeing such a square

described in the latter half of the verse

quite interesting.
o This magic square has been called the
Nagarjunam.

30 | 16 | 18 | 36
10 | 44 | 22 | 24
32 | 14 | 20 | 34
28 | 26 | 40 | 6

Nagarjuna’s
Bhadram
( )

This square is formed of four

arithmetic sequences namely:

{6, 10, 14, 18}, {16, 20, 24, 28},
{22, 26, 30, 34}, {32, 36, 40, 44}
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The magic square of Varahamihira

@ Varahamihira’s Brhat-samhita (6th century CE), in Chapter 76, verses 23-26, gives the
method of preparing perfumes employing the sarvatobhadra.

fEFsREeEyrh: sr: v geshde|

S FETeEeT: TEgHawarRan: Sl
B HARIOT HTY FaAUhTaTSHI: |
Hushng-q:quﬂtq%l‘\lqoguvg@qwlzll 213]5|8

Varahamihira’s

518213

sarvatobhadra
gz ey JAT a7 A adqea| 41|76/ (5=18)
FSETEET YRR S, I-TeT F: | 71641

TEPRIEEHYAT STATRYRThATHT: |

S[EAGYTT IT: el AT el |l
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Sir George A. Grierson on the antiquity of magic squares in India

Sir George Abraham Grierson (1851 — 1941), an Irish administrator in British India, with a keen
interest in linguistics pursued studies in Indian languages and literature during his postings in
Bengal and Bihar since 1873. In a short article titled “American Puzzle”, he notes:?

) AN AMERICAN PUZZLE.

About seven months ago, the Pioncer, in o letter
headed “From All About,” proposes a problem,
“called tbo “Ameriean Puzzle,” thbe attempted
solation of which is said to have driven sovoral
people nearly mad. The problem is to arrango
. the sixteen consecutivo numbers from 1 to 16,
in four rows of four each in such a way that the
total of every line and group of four will amount
to exactly thirty-four. Tho puzzlo admits of
_soveral answers, and one is—
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Correspondence in Indian Antiquary Vol. 10 - 1881

George A. Grierson, Madhubani, Darbhanga

1T -8 10 15

12 13 3 6
7. 2 16 9
4 11 5 4

In tho'mbove gronp overy line of fonr, every
possible group of four forming a square, and tho
sum of tho four corner numbers amounts to 34.

The problem is, however, by no means & modern
one, dating, as it does, far back into the histmy
of Indian Astrology. To prove what I say, I
append the following extraet from the Jyafw-

tatiwa :—

From 1898, Grierson conducted the Linguistic Survey of India (published 1903-28),
obtaining information on 364 languages and dialects.

K. Ramasubramanian
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Prescription given in the chapter jyotistattva of Raghunandana

In his text titled Smrtitattva, Raghunanada Bhattacarya gives the following verses which
have been extracted by Grierson:

TR T [ R | 18 |8 ]10]15
WWW@WJI 3|6 12[13[3 | 6
I Y ST 9107 a2l a7 | 712 ~ 712116|9
fedserasy e fofEr & wiest gfe: |

54 14[11] 5 | 4

Having drawn five lines horizontally and vertically, and thereby creating sixteen cells, in place 1 in the first

of those, 3 in the seventh 3, 7 in the ninth, 5 in the fifteenth, 8 in the second , 6 in the eighth, 2 in the tenth,
and 4 in the sixteenth.

Having explained how to construct the basic framework it is said:

TERITHT ¥ a2 a0 |
AT FITMEIS: W TShSY F9d: || (Jdd: — any which way you choose!)
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Effects of possessing/having sight of magic squares

TR AT 2] T O F9, | 21727 v et agd on |
ATTISY T AT F 769 | STaafaeg A <1d: 9T 0 |
e =i g RIizoRe = | IqRe! 9 AaMT e R |

Magic sum | Effect of seeing such magic squares
32 Useful to a woman in childbirth
34 Used when setting out on a journey
50 Used for casting out devils
100 Used for women whose children have died
72 Used for a barren woman
64 Used in the tumult of battle
20 Used in cases of poisoning
28 Used when paddy is attacked by insects
84 Used for hushing children when they are crying
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Manuscript of Ganitakaumudi

@ The focus of this talk is to present the algorithm for constructing pandiagonal magic squares
of order 4 by Turagagati method as propounded by Narayana Pandita in his Ganitakaumudi.

@ In recent times, Henry Thomas Colebrooke, identified the presence of this text (Library of
the India Office).

o The very first edition of the full text of Ganitakaumudi was by Pandit Padmakara Dvivedi,
brought out as a two part publication in the years 1936 and 1942.

@ Kusuba (1993) has also brought out the edited and transliterated version of the last two
chapters. He also correctly constructed the 24 possible configurations of magic squares that
Narayana himself has alluded in the text, which seems to have errors in the edition of
Dvivedi.

@ Paramanand Singh has brought out the translation of the various chapters Ganitakaumudi
as a series of publications since 1998.

@ This work needs a thoroughly revised edition, as the current one is not satisfactory.
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Earlier related studies

@ Lehmer (1933) surveyed 4 x 4 squares and concluded that there are 539,136 semi magic
squares, 7,040 normal magic squares and only 48 pandiagonal magic squares are possible.

o Later, Rosser and Walker (1938) have corrected this result and have mathematically arrived
at the conclusion that there are 384 pandiagonal squares (as stated by Narayana Pandita).

@ Vijayaraghavan (1942) in his paper on Jaina Magic Squares deals with 4 x 4 pandiagonal
magic squares, provides a mathematical analysis, brings out various properties.

@ The article of Datta and Singh revised by K.S Shukla (1992), as well as the writings of R.C.
Gupta (2005) have presented this method briefly.

@ Bhowmik (2018) has worked on the proofs demonstrating certain properties.

o In all these works, the exact algorithm prescribed by Narayana Pandita for constructing
magic squares with Turagagati has not been satisfactorily described and analysed in detail.
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Brief summary of the contents in Ganitakaumudi

Number Chapter Title Mathematical topics covered

1 Prakirnaka-vyavahara Logistics, weights and measures

2 Misraka-vyavahara Partnership, sales, interest, etc.

3 Sredhi-vyavahara Sequences and series

4 Ksetra-vyavahara Geometry of planar figures

5 Khata-vyavahara Excavations

6 Citi-vyavahara Stacks

7 Rasi-vyavahara Mounds of grain

8 Chaya-vyavahara Shadow problems

9 Kuttaka Linear indeterminate equations

10 Vargaprakrti Quadratic indeterminate equations
11 Bhagadana Factorisation

12 Rapadyamsavatara Partitioning unity into unit-fractions
13 Ankapasa Combinatorics

14 Bhadraganita Magic squares
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Ganitakaumudi’s date of composition

@ The date of composition of Ganitakaumudi has been given by Narayana Pandita himself in
the following verse that appears towards the end of the text.

TSI (4 =TT gHEaY < aTgoe) AT |
Tt FOTES TR T T 70T |

The Ganita (Ganitakaumudi) came to completion on Thursday, 2nd Tithi of
the Krsna Paksa (waning cycle of Moon), of the month Kartika in Durmukha
Samvatsara, in Saka 1278 (gaja - 8; naga - 7, ).

@ Thus we unambiguously know that the work Ganitakaumudi got completed in the year
1356 CE (1278 Saka year). It is interesting to note that Narayana Pandita has specified the

tithi count in terms of the devata of the tithi. Based on the list available from other works,
we know that dhatrtithi corresponds to dvitiya.
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Narayana Pandita’s ode to his father

@ Unfortunately, not much is known about the Narayana Pandita’s date of birth, whereabouts
and other biographical details. One verse in sragdhara meter that has been dedicated to
capture the glory of his father is as follows:

ARA, FrSTagrigf R A OTEAT et
T AhUSUTE g gasT: ZMREAT (HarT: |
SARATATIERAT AR O T aTHTeA:
T B = o TR SR 3R I

He was the milky ocean of nobility (saujanya), the foremost in the assembly of brah-
manas (avanisura) whose fame has spread over the world; [He was] one whose mind
was steadfast (nihita) at the feet of Lord Siva; one who was the dwelling place of Devi
Sarasvati; one who had mastered the [performances of] §rauta and smarta [karmas];
one who was a reservoir of all virtues; one who was outstanding in the field of archi-
tecture/geometry; one who had great felicity (pracurataragati) in Sastras, rituals and
logic; [my father] by name Sri Nrsimha was indeed a nrsimha (lion among men).
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Narayana Pandita’s classification of magic squares

@ One of the notable features of Narayana Pandita is that he methodically introduces all topics
that he discusses.

o For instance, after setting out the historical background and context, he commences this
chapter by broadly classifying three types of magic squares.

TeTfesTs fasrgfar B wag swe..
LIS [BACERCELICLE LY
Zant g et et dae sl

Samagarbha, visamagarbha and visama are the three forms of magic
square. When the order of the magic square , if the remainder
is zero, then it is samagarbha; if remainder is two, then it is visamagarbha;
and if remainder is three or one, then it is visama.
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Narayana Pandita’s turagagati
method for constructing 4 x 4
pandiagonal magic squares
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Verses on constructing of 4x4 magic square by turagagati

T & SERTgaTagt |
=T ShAGHHYT I RISET-ThRFARoT 9 df 190l
FARAAARF AT HISH TRIALE: |
THTH SrearyEve wiehl faferemag 11 99 i
TS AT SERUMTY RN |
ST AT JUTEr sad ged: 1l 9 ||

K. Ramasubramanian

2 2 geraggdr
gt (Forem)

Exi-tu

o =

Having chosen
pairs of numbers
generated in
an arithmetic
sequence (Sredhi)

in sequence and
out of sequence

and placing those
pairs

by making horse
moves
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Verses on constructing of 4x4 magic square by turagagati

HITHT [such that the rela-
Waﬁaﬁlﬂw@ | tive positions of the
numbers placed by
horse moves from
any given cell] are
positioned in ad-

WW@W jacent cells [along

diagonals]

3 ezl 1 aiiliili AT 1199 1l TR0 or at an interval of

one cell [either along

IRREZLEAGIE W W | a row, or column]

and by making use of

g LRI ik 3’5“ ST qe: 119R I the motion of horse to

the left and right

T IR I hIS-Ush=qor = dr 1190 |

K. Ramasubramanian Narayana Pandita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



TRGIITIAT & &f FeRTggaragr | T
=T ShATGHHUT o SIS -Tehr=a=oT = ar 190l ‘
TSI RGN (B TIZda s | TRA<E
TEIT WISTrTE e Uikh faferamer 1199 1)
sy fafen
e

TSRS T SRR HORTTS |
ST AT JUTgar sad ged: 1l 9 ||
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Verses on constructing of 4x4 magic square by turagagati

in a magic square with
16 cells and of the type
4n

may you fill [all] the
cells with the numbers
[of the chosen arith-
metic sequence]

this is the method that
has been stated [by
earlier mathemati-
cians/himself?]
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Verses on constructing of 4x4 magic square by turagagati

TRGIITIAT & &f FeRTggaragr |

=T HHIGHHOT I ShISeI-Tshraxer I df 190l
AATAA IR IS TIRISS: |

THTH Srearyeve wiehl faferema 11 99 i
IGEEIESCIEIRASTSISIE |

ST AT Jurgar sad ged: 1l 9R ||
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IGREIEYGIED
AT HIT:

ST

gufgar St

[thereby] the sum
of the numbers
along the rows
(tiryakkostha)

and of those along the
column

and of those along
the diagonals [includ-
ing broken diagonals]

when counted sepa-
rately will be equal
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Narayana Pandita’s brief commentary

o After presenting the algorithm in the verses above, Narayana Pandita also tabulates 24
different half-filled configurations of the pandiagonal magic squares for a fixed position of 1
in the top-left corner. The table is accompanied with the following brief explanation in
prose.

TITIAEITE 9IR131% Ed™™ wlglole TARHT R190199192 IqIq
93[9% 194 198 | TIHRIUTH: TIHIAAGG: ST ARIHaT: | a9 2|
TAEEHETTE: ToF J TfdRiaHar st |

o Then it is stated by Narayana Pandita —

Td T sl T afe ||

Thus with just four pairs of numbers (caturbih yamalaih), there are vari-
ants of a 4x4 [pandiagonal] magic square.
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Notations and sets considered

We consider the following, in order to describe the algorithm.

@ Let M be a pandiagonal magic square with 16 cells (kosthas) where the cells are denoted by :
M;; (i,7=1,2,3,4)
@ Let S be the arithmetic sequence (Sredhi) with which the cells of M are to be filled. The
sequence S we choose for demonstration is:
S =11,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16}

@ Subsets have to be conceived from this set of numbers as described by Narayana Pandita
himself in his commentary as yamalarnkayugalam, meaning pair of pairs. They are:

S: ={1,2,3,4}, S;={5,6,7,8},S; ={9,10,11,12}, S, = {13,14,15,16}
@ The horse moves that will be considered for obtaining the magic squares, are represented:
Hy ={(1,2),(1,3),3,4)}, Hx = {(5,6), (5,7), (7,8)},
Hs; ={(9,10),(9,11),(11,12)}, Hy = {(13,14),(13,15), (15,16)}
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Notations and sets considered

In a 4 x 4 magic square, from any given cell, there are only four types of horse moves that are
possible. They are represented by U, D, L and R and illustrated below:

q
p P p p
q
q q
Urdhva (up) - move U:  Adhah (down) - move D:  Savya (left) - move L:  Asavya (right) - move R:
(M j—Mi—1,j+2) (Mi,j—Mit1,+2) (M j—Mit2,-1) (M, j—Mit2,+1)
p p p p
q
q q
q




Significance of the phrases kosthaikya and kosthantara

o The term kostha employed in the context of magic squares
represents a cell. Thus the two terms as such mean the
following:

a. Kosthaikya - placement of numbers in adjacent cells °
b. Kosthantara - placement by skipping a cell in-between

o The significance of these terms is to capture the relative
position of all the numbers, that are positioned by the four
possible horse moves from a given cell. °

@ That is, the numbers positioned by horse moves from a given
cell get placed in such a way that they will be either in
kosthaikya or kosthantara.
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Significance of the phrase kramotkrama

@ Kramotkrama is a qualifier that can either be attributed to the horse moves (turagagati) or to
the choice of the numbers paired for making the horse move. In the algorithm that we
describe below we kramotkrama is a qualifier to the way the pairs are chosen.

o Literally, the phrase kramotkrama means along an order (krama) or along a different order
(utkrama). As presented earlier, the arithmetic series is structured as pair of pairs termed
yamalankayugala by Narayana Pandita.

@ The pairs of numbers chosen within these sets are in sequence and out of sequence. For
instance in 57, the horse moves listed earlier are (1,2) in krama and then (1,3) in utkrama.
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Rule-based algorithm with only horse moves

Rules for placing pairs in S,

R.1 The first element 1 of prathamayamalarikayugalam Sy, is
to be placed in any of the sixteen cells.
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Rule-based algorithm with only horse moves

Rules for placing pairs in S,

R.1 The first element 1 of prathamayamalankayugalam S, is 2
to be placed in any of the sixteen cells.

R.2 For a fixed position of 1, 2 can be placed by any one of the
four valid horse moves — D /U /L /R, described earlier.
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Rule-based algorithm with only horse moves

Rules for placing pairs in S,

R.1 The first element 1 of prathamayamalankayugalam S, is
to be placed in any of the sixteen cells.

2
R.2 For a fixed position of 1, 2 can be placed by any one of the
four valid horse moves — D /U /L /R, described earlier.
R.3 Having placed 1 and 2, 3 is also to be placed in a horse
move with respect to 1 through any one of the three 5

possible horse moves.
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Rule-based algorithm with only horse moves

Rules for placing pairs in S,

R.1 The first element 1 of prathamayamalarikayugalam Sy, is

to be placed in any of the sixteen cells. 1
R.2 For a fixed position of 1, 2 can be placed by any one of the

four valid horse moves — D /U /L /R, described earlier. 2
R.3 Having placed 1 and 2, 3 is also to be placed in a horse

move with respect to 1 through any one of the three 4

possible horse moves.

R.4 Having placed 1, 2 and 3, 4 is placed such that it isin a 3
horse move from both 2 and 3. There is only one such
position for any given placement of 1, 2 and 3.
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Rules for placing pairs in S,, S3 and S,

1
R.5 Having placed all elements in St, 5 is placed such that it is always in a 2
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1. 4 5
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Rules for placing pairs in S,, S3 and S,

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalankayugalams of Sy, S3 and Sy get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalankayugalam S1, with the only condition that if a cell 2
is already filled then the horse moves get reversed.

Equivalent pairs horse moves 4 >
H, H, H; H,
(1,2) (5,6) (9,10) (13,14) 3 6
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalankayugalams of Sy, S3 and Sy get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalankayugalam S1, with the only condition that if a cell 2 7
is already filled then the horse moves get reversed.

Equivalent pairs horse moves 4 >
H, H, H; H,
(1,2) (5,6) (9,10) (13,14) 3 6
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

R.5 Having placed all elements in S1, 5 is placed such that it is always in a
horse move from 1. There are only two possible ways to place 5, since
2 and 3 are already positioned through horse moves from 1.

R.6 All numbers in each of the yamalankayugalams of Sy, S3 and Sy get
placed by choosing the same set of horse moves chosen for the pairs in
prathamayamalankayugalam S1, with the only condition that if a cell 2 7
is already filled then the horse moves get reversed.

Equivalent pairs horse moves 4 3
H, H, H; H,
(1,2) (5,6) (9,10) (13,14) 3 6
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

1 8
2 7
R.7 Having placed elements in S and S5, 9 is placed in the only horse
move position that is available from 1.
4 5 9
3 6
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in \S; and Sy, 9 is placed in the only horse 1 8
move position that is available from 1.
Equivalent pairs horse moves 2 7
H; H, H; H,
(1,2) (5,6) (9,10) (13,14) 4 5 9
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16) 10 | 3 6
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in \S; and Sy, 9 is placed in the only horse 1 8
move position that is available from 1.
Equivalent pairs horse moves 11 2 7
H, H, H, H,
(1,2) (5,6) (9,10) (13,14) 4 5 9
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16) 10 | 3 6
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in \S; and Sy, 9 is placed in the only horse 1 8 12
move position that is available from 1.
Equivalent pairs horse moves 11 2 7
H, H, H, H,
(1,2) (5,6) (9,10) (13,14) 4 5 9
(1,3) (5,7) (9,11) (13,15)
(3,4) (7,8) (11,12) (15,16) 10 | 3 6
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in S and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in 51, S2 and Ss, 13 is placed in the only horse

move position that is available from 9. 11 2 7
Equivalent pairs horse moves
H, H, H, H, 4 5 9
(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15) 10| 3 6
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in S and S2, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in 51, S2 and Ss, 13 is placed in the only horse

move position that is available from 9. 14 11 2 7
Equivalent pairs horse moves
H, H, H, H, 4 5 9
(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15) 10| 3 6
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in S and S5, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S7, S5 and Ss, 13 is placed in the only

horse move position that is available from 9. 14 11 2 7
Equivalent pairs horse moves
H, H, H, H, 4 5 9
(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15) 15| 10 | 3 6
(3,4) (7,8) (11,12) (15,16)
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Rules for placing pairs in S,, S3 and S,

R.7 Having placed elements in S and S5, 9 is placed in the only horse
move position that is available from 1.

R.8 Having placed elements in S7, S5 and Ss, 13 is placed in the only

horse move position that is available from 9. 14 11 2 7
Equivalent pairs horse moves
H, H, H, H, 4 5 116 | 9
(1,2) (5,6) (9,10) (13,14)
(1,3) (5,7) (9,11) (13,15) 15 | 10 | 3 6
(3,4) (7,8) (11,12) (15,16)
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Based on the aforesaid rules, it can be observed that:

o Having fixed a position for 1, there are four possible moves for placing 2. Thus the pair (1,2)
can have four different configurations.

@ For a fixed position of 1, there are three possible moves for placing 3.

@ It becomes evident that there will remain only one position for placing 4 in accordance to
the rules R4.

Thus at this stage we see that there are totally 4 x 3 = 12 possible configurations.

o For a given arrangement of 1,2,3 and 4, only two possible positions are available for 5
satisfying the aforesaid rule R.5. Thus at this stage we see that there are totally 12 x 2 = 24
possible configurations.

@ Once the numbers 1, 2, 3, 4, and 5 are fixed, the rest of the square has only a unique solution
for being a pan diagonal magic square.
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1 1 1 1 1 1
2 2 2 2 2 2
3 5 3 3 5 3 4|5 4 5
A 5| & 4|5 4 3 3
1 1 1 1 1 1
A 5| 4 4|5 4 3 3
3 3 3 3 4|5 4 5
2 2 2 2 2 2
1 1 1 4 1 4 1 1
3 3 514 4
2 2 2 3 2 3 2 2
A 5| &4 5 3 3
1 1 1 1 1 4 1 4
3 3 4|5 4
5 2 2 2 2 3 2 3 2
A 4|5 3 3 5

Narayana Pandita’s Turagagati Method for 4x4 Pandiagonal Magic Squares



Properties of Narayana Pandita’s pandiagonal magic squares of order 4

A study of the pandiagonal magic squares of order four, reveals that there are a few interesting
properties observed in them.

P1: The sum of elements in any 2 x 2 square across the torus of a pandiagonal magic square of
order four yields the magic sum.

P2: The sum of elements in any two cells that are separated by one cell in between them
(kosthantara) along the diagonal on a pandiagonal magic square of order four yields the half
magic sum.

P3: For any given number of the arithmetic series that is chosen to fill the cells, the set of four
numbers in the adjacent cells (kosthaikya) along the row and column remain the same.

These properties are very useful to complete incomplete pandiagonal magic squares of order four
as well as build them, in addition to the aforementioned algorithm.
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Proof for P1

In any magic square the sum of the elements in rows and columns add up to the magic
sum. Considering the sum of the first two rows and last two columns we have,

mll | ml2 |ml3 | ml4
mll +ml12 4+ ml13 + mld +m21 + m22 + m23 + m24 = 2S5 (1)

m21 | m22 | m23 | m24

m13 + m23 + m33 + m43 + mld + m24 + m34 + mdd = 25 (2)

Equating (1) and (2) we get, m31 | m32 | m33 | m34

mll +ml2 + m21 + m22 = m33 + m34 + m43 + m44 (3) m41 | m42 | m43 | m44

In a magic square, since the cyclic permutation of the rows and columns does not affect the magic sum S, (3)
implies that the sum of the elements of any two 2 x 2 squares are equal. The leading and broken diagonal
elements must independently add up to the magic sum. Thus we have

mll +m224+m33+mdd =S (4)
m21 + m12 + m43 + m34 = S ()
Adding (4) and (5) we get
(m11 +m12 4+ m21 + m22) + (m33 + m34 + m43 + m44) = 25 (6)
From (1) and (3) it is evident that
mll +ml2+ m2l +m22 =5 =m33 +m34 + md3 + m4d4 (7)
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Proof for P2

From P1 we know that

mll | ml2 {ml13 | ml4
mll +ml24+m2l+m22=25 8

m21l +m22+m3l1+m32=2S9 9

=

m21 | m22 | m23 | m24

~

Equating (8) and (9) we get, m31 | m32 | m33 | m34

mll +ml2 = m31 + m32 (10) |m4l|md2 | md3 mdd

Now consider the sum of elements in the third row of the square M. We have,

m314+m324+m33+m34 =S5 (11)
Using (10) and (11) we get,
mll 4+ ml2 +m33+m34 =S5 (12)
By definition, any broken diagonal of M must add up to the magic sum S. So we have,
m2l +ml24+md43+m34 =5 (13)
Equating (12) and (13) we get,
mll +m33 = m21 + m43 (14)
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Proof for P2

We have,

mll +m33 = m21 +m43
mll | ml2 |ml13 | ml4

Considering the sum of elements of the third column in M, we have:
m21 | m22 | m23 | m24

ml3+m23 +m33+md3 =S (15)
m31 | m32 | m33 | m34

Akin to (10), it can be easily shown that
m41 | m42 | m43 | m44

mll + m21 = m31 +m32 (16)

Using (16) in (15) we get,
mll +m21 +m33+md3 =9 (17)

From (14) and (17) it is evident that

mll +m33 =S5/2=m214+md43=15/2 (18)

The property P2 is thus proved.
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Set of numbers that get placed by horse moves

It has been stated by Vijayaraghavan (1941) that in a pandiagonal magic square of order 4, for any
given number from the series of sixteen elements, the set of four other numbers that get placed
by the four horse move positions are always fixed in all the 384 configurations. These four
numbers, of course, can be arranged in 4! = 24 ways.

These four numbers that get placed by the only four horse move positions from any number are:
i the number that is in kosthaikya within the pair (yugala),
ii the number that is in kosthantara within the pair of pairs (yamalankayugalam),

iii the number that lies in the equivalent position with the adjacent pair of pairs
(vamalankayugalam) and

iv the number that lies in the equivalent position in the conjugate pair of pairs
(yamalankayugalam).
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Set of numbers that get placed by horse moves

[10] [n][re]

(o ][10] [m][r2]

[s]le ] [7][s]
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[12][14] [1s] re]

[13)(14] [15][1e]

[12][14] [15]re]

[12][14] [1s]re]




Set of numbers that get placed by horse moves

Set of numbers positioned by horse moves
With the next to
Given Within pair of | With adjacent adjacent pair of
number | Within the pair pairs pair of pairs pairs
1 2 3 5 9
2 1 4 6 10
3 L 1 7 1
4 3 2 8 12
5 6 7 1 13
6 5 8 2 14
7 8 5 3 15
8 7 6 A 16
9 10 1 13 1
10 9 12 14 2
1 12 9 15 3
12 1 10 16 4
13 14 15 5 9
14 13 16 6 10
15 16 13 7 11
16 15 14 8 12




All squares with a fixed position for the first element

S1 S2 S3 S4 85 s6

1 |14 |11 (8 1|14 |7 |12 1|8 |11 |14 1 (12 |7 |14 1 (12 |13|8 1|8 [13]12
127 (2|13 8 |11 |2 |13 12132 |7 8 (13|21 14 2 |1 1|11 |2 |7
6 |9 |16 |3 0|5 |16 |3 6|3 |16|9 10 |3 16 4|9 165 4 |5 |16 |9
15 4 |5 |10 154 |9 |6 15 (10 | 5 | 4 156 |9 |4 15(6 |3 |10 15 (10 |3 |6
s7 S8 S9 S10 S11 S12

1 (8 |11 |14 1|12 |7 |14 1 (14|11 |8 1|14 |7 |12 1 (12 |13 |8 1|8 [13|12
15 |10 |5 |4 156 |9 |4 15 |4 |5 |10 154 |9 |6 15(6 |3 |10 15 (10 |3 |6
6 (3 |16 |9 0|3 |16 6 16 | 3 0|5 (163 4|9 6|5 4 |5 |16 |9
12 (13 |2 8 |13 |2 |1 12 2 |13 8 |11|2 (13 A 2 |1 1|1 |2 |7
513 S14 S15 S16 S17 S18

1 |15 |10 8 115 |6 |12 1 (15 |10 | 8 1 (15 |6 |12 1 (15 |4 |14 1(15 |4 |14
126 |3 |13 8 (103 |13 1|4 |5 |11 1|4 |9 |7 8 (10 1 126 |9 |7
7 16 | 2 1|5 |16|2 719 |16]2 1 16 |2 13 16 | 2 133 |16 |2
1 4 |5 (11 1|4 |9 |7 126 |3 |13 8 |10|3 (13 12(6 |9 |7 8 |10 |5 |11
S19 S20 $21 S22 $23 S24

1|8 |10 |15 1|12 |6 |15 1|8 [10]15 1 (12 (6 |15 1 (14 (4 |15 1|14 |4 |15
12 |13 |3 |6 8 (13 |3 |10 14|11 |5 |4 %79 |4 8 |11 |5 |10 127 |9 |6
7|2 |16 |9 n|2 6|5 72169 1|2 (165 132 163 132|163
14|11 |5 |4 1% |7 |9 |4 12 (13 |3 |6 8 (13|3 |10 12(7 |9 |6 8 |11|5 |10




Concluding remarks

In this study, we have set the context and highlighted the motivation for studying the
turagagati method of constructing 4 x 4 pandiagonal magic squares as elucidated by
Narayana Pandita.

The verses that present this method in Ganitakaumudi allow scope for
interpretation.

The algorithm can be derived either by placing the pairs from a sequence only through
horse moves or by considering moves in addition to horse moves.

Of foremost importance to Indian mathematicians is simplicity and optimised set of rules. It
is clear that the algorithm that employs only the horse moves by taking pairs in order and
by jumping the order, within the pair, within pair of pairs and across pair of pairs, seems to
be the more elegant.

A very interesting facet of this algorithm is that the pandiagonal squares can be generated
by choosing a single arithmetic sequence with sixteen elements or with four arithmetic
sequences consisting a pair of pairs, with the constraint that the first elements of the pair of
pairs satisfy —ay +d; = b1 + ¢ .
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The thrill in investigating historical material
An interesting observation by Donald Knuth - the author of The Art of Computing

23

My major failihg as a teacher was that | F¥==
-wasn't ableto getasingle one of my 28 -

My major failing as a teacher was that I wasn’t able to get a single one of my 28 PhD students to
realize what a thrill it is to work on source material!
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Concluding Remarks

@ In 1969 Sir C V Raman observes:

We have, I think, developed an inferiority complex. I think what is needed
in India today is the destruction of that defeatist spirit. We need a

, a spirit that will carry us to our rightful place under the sun; a spirit
which will recognise that we, as inheritors of a proud civilisation, are entitled
to our rightful place on the planet. If that indomitable spirit were to arise,*
nothing can hold us back from achieving our rightful destiny.

“The Upanisadic passage — 3RTSd SIRIA YT IRIHSTYd — essentially does this.

@ Raman brings out an extremely important point here. The inferiority complex,
, without our knowledge, has been inhibiting us for centuries!

@ One way (if not the only way) to get rid of this problem is to make the citizens of our nation
to shed way the cultivated ignorance by making them aware of their own scientific heritage.

@ Then as Raman says, nothing can hold us back!
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