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Let FB denote the category whose objects are finite sets and
morphisms are bijections.

A species is a functor F : FB — FB.
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The species A of rooted trees.

The species G¢ connected simple grpahs.
The species Par of set partitions.

The species S of permutations.

I o

The species L of linear orders.
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Example: The species of permutations

S-strucure on U

S[U] = {all bijections ¢ : U — U}.

Transport of structure
If f: U — V is a bijection, then,

/
ou—u,

if and only if
S[fl(o) :f(u) — ().
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Example: The species of linear orders

L-strucure on U

L[U] = {all totals orderings “ <" of the set U}.

Transport of structure
If f: U — V is a bijection, then,

u<d in L[U]
if and only if
f(u) < f(d")in L[V].
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Generating series of a species
Let [n] = {1,...,n} for each n > 0 (in particular [0] = ).
Given a species F, its generating series is the formal power series:

Fo) = 1T

n!
n>0
For example,
2(2)
(z) = Z 72 )
n>0
nn—2
NS prany
n>0

G(2) = log G(2),
Par(z) = exp(exp(z) — 1),

S(2) = L(z) = i
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Isomorphism of Species

An isomorphism ¢ : FG of species is a collection of bijections
oy : F[U] — G[U], for every finite set U,

that respects transport of structure, i.e., for every bijection
f: U — V, the diagram

Flul L Flv)
¢Ul ltbv
6lU] o 61V]

commutes.
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Equinumerous species

Two species F and G are said to be equinumerous if their
generating functions are equal:

Obviously,
Isomorphic species are equinumerous,
but the converse fails;

S(z) = L(z), but S and L are not isomorphic.
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Some Fundamental Species

> E[U] ={U}. E(z)=exp(z).
>X[U]:{Uif\uy—L

0 otherwise.
> 0[U] =0. 0(z) =0.
»uwz{“}ﬁu_&lwﬁﬂ-

0 otherwise.

X(z) = z.
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Der[U] = {o € S[U] | o(u) # u for all u € U}.

We have
S = E - Der

¢
¢
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S(z) = exp(z)Der(z)

Der(z)

_exp(-2)
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Example of Substitution

E,=E—1.

Par = E o (Ey)

Par(z) = exp(exp(z) — 1),

The exponential generating function for Bell numbers.



The Cycle Index Generating Function

ZF(x1, %2, .. ) Z Z |Fix(F[n]; o ’"1(") ’"2 ).

n>0 ! o€S,

where m;(c) is the number of i-cycles in the permutation o, and
Fix(F[n]; o) denotes the number of F-structures on [n] that are
fixed by o, a permutation of [n].



The Cycle Index Generating Function

ZF(x1, %2, .. ) Z Z |Fix(F[n]; o ’"1(") ’"2 ).

n>0 ! o€S,

where m;(c) is the number of i-cycles in the permutation o, and
Fix(F[n]; o) denotes the number of F-structures on [n] that are
fixed by o, a permutation of [n].

» Zr(2,0,0,...) = F(z2).



The Cycle Index Generating Function

Zr(x1, %2, - - ) Z Z |Fix(F[n]; o ’"1(") ’"2 ).

n>0 ! o€S,

where m;(c) is the number of i-cycles in the permutation o, and
Fix(F[n]; o) denotes the number of F-structures on [n] that are
fixed by o, a permutation of [n].

» Zr(2,0,0,...) = F(z2).

> Zr(z,2%,...) = Y50 1Sa\FIn]|z" (Burnside’s lemma).
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Algebra of Cycle Index Generating Functions

ZF+G(X1,X2, .. ) = ZF(X]_,Xz, R ) + ZG(Xl,XQ, e )

ZF.G(Xl,XQ, .. ) = ZF(Xl,Xz, e )ZG(Xl,Xz, e )

Zrog(x1, %2, ... ) = ZF(Ze(x1, %2, - .. ), Zo (X2, xa, - - . ), ZF (X3, X6, - - )
= (Zr o Zg)(x1, %2, ... ).



Symmetric Functions

Power Sum
k
Pk = Z ti.
i>1
Complete
he= > ty-t
1<+ <lk
Elementary

h, = Z iy - Ly -
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Bases of Symmetric Functions

Given an integer partition A = 1"2M2 ... define

oo

pr=]1P"
i=1
o0

hy =] "™
i=1
o

e\ = H e
i=1

Then {px}, {hr}, and {e\} form bases of the space of all
symmetric functions.



The Frobenius Characteristic



The Frobenius Characteristic
Let (p, V) be a representation of S,.



The Frobenius Characteristic

Let (p, V) be a representation of S,.
Its Frobenius characterisitc is defined as the symmetric function:



The Frobenius Characteristic

Let (p, V) be a representation of S,.
Its Frobenius characterisitc is defined as the symmetric function:

1 AT (@)
chy V = — > tr(p(o); V) l_Ilp,- :

" o€S,



The Frobenius Characteristic

Let (p, V) be a representation of S,.
Its Frobenius characterisitc is defined as the symmetric function:

1 T mio
chy V= — 3 tr(p(0): V) [ p; i),
og€ES, i=1

Note that ch, V' is a homogeneous symmetric function of degree n.
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Let V) denote the irreducible representation of S, corresponding to
the partition A of n. Then
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where sy is the Schur function corresponding to A.



The Frobenius Characteristic

Let (p, V) be a representation of S,.
Its Frobenius characterisitc is defined as the symmetric function:

1 AT (@)
chy V = — > tr(p(o); V) l_Ilp,- :

’ O'GSn
Note that ch, V' is a homogeneous symmetric function of degree n.

Theorem (Frobenius)

Let V) denote the irreducible representation of S, corresponding to
the partition A of n. Then

chp, V) = sy,

where sy is the Schur function corresponding to A.

The fact that irreducible characters form a basis of class functions
of S, is manifested in the fact that {s)} form a basis of symmetric
functions.
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Permutation Representations

Let X be a set equipped with an action of S,,.
Let C[X] denote the set of all C-valued functions on X.
Then C[X] becomes a representation of S, via

ch, C[X] = % S [Fix(X: o) |7 pg )
" 0€S,
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The Total Frobenius Characteristic

Given a species F, for every n > 0, F[n] inherits an S,-action
o - x = Flo](x).

Therefore, we may consider the family of representations C[F[n]].
The total Frobenius characteristic of F is defined as

chF = ichnC[F[n]].
n=0

We have:
chF = ZF(pl, P2,. .. )

Thus ch F and ZF carry the same information.



Examples of Total Frobenius Characteristic

chE = Z h,,.
n=1
=1
chS = 1 :
i=1 — Pi
chlL = !
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Schur Basis Expansion

o0
chs =[]+ =Y pn
i=1 o
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Schur Basis Expansion

-
chS—Il;[ll_pi = Ea Pa-
Theorem (Frobenius)

pa= D xa(@)s.

1A=l
Therefore,
chS:Z Z xa(@) | s
A \lel=[A|
Corollary

Rows of the character table of S, have non-negative sum.
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S = E - Der
Let h= hg+ h1 + ---. We know that ch E = h.
chS = hchDer,

so that
chDer = h1chS.

Now

hlz(ﬁllt,.) SICETES S

i=1 i=0

Let e = > °,(—1)"e;. Therefore,

chDer = Z es Z A(@).

lal=[A|
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By Pieri rules for e,

€kS\ = E Sps

p—A is a vert. strip

so that

esy = Z (_1)Iu\—\>\lsﬂ.

pu—A is a vert. strip

Therefore,

chDer = ZSM Z (=)= ().

p—A is a vert. strip

We conclude that, for every partition g,

Yo P (@) =0

p—X\ is a vert. strip
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pu—A is a vert. strip

Let p(n) denote the number of partitions of n.
Taking p = (n) gives:

p(n) — p(n—1) >0,

the monotonicity of the partition function.
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n

D (=1)"F > sgn(a) > 0.
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the monotonicity of the partition function. It is not hard to show
that the number of odd partitions minus the number of even
partitions is equal to the number of self-conjugate partitions.



> (YHTP(e) =0
pu—A is a vert. strip

Let p(n) denote the number of partitions of n.
Taking = (1) gives:

n

D (=1)"F > sgn(a) > 0.

k=0 |ae|=k

the monotonicity of the partition function. It is not hard to show
that the number of odd partitions minus the number of even
partitions is equal to the number of self-conjugate partitions.

Therefore .

Z(_l)n—kpself—conjugate(k) > 07
k=0

for all n > 0.
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Plethysm

Plethysm is a binary operation (f, g) — f o g on symmetric
functions introduced by D. E. Littlewood.

It is motivated by the process of composition of polynomial
representations of GL,(C).

Plethysm can be characterized by the rules:

> prop = pu forall k1 >1,
> Forevery f, fopy=pkof,
» For every g, f — f o g is a ring homomorphism.

It turns out that plethysm of symmetric functions is also related to
plethysm of species:

chFoG=chFochGgG.
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Example

The identity
Par=Eo(E—1)

implies:
chPar = ho(h—1).
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